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Abstract
We show that a (not necessarily unitary) ring with enough idempotents is left perfect if and only if there
exists a cardinal number ℵ such that every flat strict Mittag-Leffler module is a direct sum of ℵ-generated
modules. Several applications are given to the decomposition properties of modules into direct summands.
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Let T be a (not necessarily unitary) ring with enough idempotents. A left T -module M is
called strict Mittag-Leffler if for every finitely generated submodule F of M , there exists an endo-
morphism f :M → M such that f |F = 1F and f factorizes through a finitely presented module
[12, p. 74]. Strict Mittag-Leffler modules were introduced by Gruson and Raynaud in [12] in their
study of flatness properties of modules, but they have been later studied by several authors under
different names. Namely, Azumaya in [5] says that an epimorphism f :M → N between two left
T -modules is locally split if for any x ∈ N there exists g :N → M such that (x)gf = x. The
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locally split are called locally projective (respectively locally pure-projective) modules. These
modules have been treated by Azumaya in [6,7], where it is proved (Proposition 8) that locally
projective modules coincide with flat strict Mittag-Leffler modules; and locally pure-projective
modules, with strict Mittag-Leffler modules. Flat strict Mittag-Leffler modules have also been
studied by Ohm and Rush under the name of ‘trace modules’ in [14], by Garfinkel, who calls
them ‘universally torsionless’ in [10] and by Zimmermann-Huisgen, under the name of ‘locally
projective modules’ in [17]. Since our study of strict Mittag-Leffler modules is mainly connected
to their behavior as far as local projectivity is concerned, we are going to adopt the name of
locally pure-projective modules along this paper.
When R is a unitary ring, it is proved in [16,17] that the class of locally projective modules
coincides with the class of projective modules precisely when the ring is left perfect; in this case,
every locally projective module is a direct sum of countably generated modules by Kaplansky’s
theorem [1, Theorem 26.1] (actually, a direct sum of indecomposable cyclic modules, since the
ring R is left perfect). In this paper we prove that the ring R is left perfect if and only if there exists
a cardinal number ℵ such that every locally projective module is a direct sum of ℵ-generated
modules, obtaining a similar result to that of Faith and Walker concerning left noetherian rings
and injective modules (see [1, Theorem 25.8]). Let us point out that our extension involves the
use of certain Set Theoretical tools, like the existence of clubs in non-countable cardinals, that
are not present in [16–18].
We shall work in a more general setting: we shall fix a module M and study when every
module in G(M) is a direct sum of ℵ-generated modules. Here a module Q belongs to G(M) if
and only if there exists a locally split epimorphism f :N → Q with N in AddM , and AddM
denotes the class of all modules isomorphic to direct summands of direct sums of copies of M .
The study of these classes of modules is related, at least when M is a direct sum of finitely pre-
sented modules (see [2, Theorem 4.4]), with a problem widely studied in the literature: determine
when every local direct summand of a module in AddM is a direct summand. We recall that a
local direct summand of a module L is a submodule which is the sum of an independent family
{Ni : i ∈ I } of direct summands of L such that, for any J ⊆ I finite, the sum ∑j∈J Nj is a direct
summand. This property, and others equivalent to it, appears in [2,3,11] and its references. The
results of these papers concerning this property are summarized in the following one (see [3,
Theorem 1.1]):
Theorem 0.1. Let R be a unitary ring and M a left R-module. The following assertions are
equivalent:
(i) Every local direct summand of a module in AddM is a direct summand.
(ii) M =⊕k∈K Xk for a T-nilpotent family of indecomposable modules {Xk: k ∈ K}.
(iii) M has a decomposition in modules with local endomorphism ring, and M is coperfect over
its endomorphism ring.
(iv) M has a decomposition in modules with local endomorphism ring, and EndR(A) is semi-
regular for all A ∈ AddM .
(v) M has an indecomposable decomposition, and every module in AddM has the exchange
property.
(vi) Every module in AddM has a decomposition that complements direct summands.
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We begin this section by fixing some notation and terminology. A ring T (possibly with-
out identity) is said to have enough idempotents if there exists a family {ei : i ∈ I } of pairwise
orthogonal idempotent elements of T such that
T =
⊕
i∈I
T ei =
⊕
i∈I
eiT .
Given a ring with enough idempotents T , module will mean unitary left T -module (in the sense
that TM = M) and morphisms will operate on the right. T -Mod will denote the category whose
objects are the unitary left T -modules. Given a module M , an index set I and an element x ∈ MI ,
we will denote by x(i) the i-entry of x, for each i ∈ I . The same notation will be used to denote
the components of a morphism f :N → MI .
Let us fix a ring with enough idempotents T . Throughout this section, we will state some basic
results about locally split epimorphisms, locally pure-projective modules and locally projective
modules over T which are well known for unitary rings. The most general version of locally split
morphisms was established by Garfinkel in [10].
Definition 1.1. A homomorphism f :M → N in T -Mod is called locally split if for any finitely
generated submodule U of M there exists a g :N → M such that (x)fgf = (x)f for all x ∈ U .
When moreover f is epic (respectively monic) we shall call f a locally split epimorphism
(respectively monomorphism). Our next proposition summarizes the main properties of these
morphisms. We shall use the notion of purity with respect to an arbitrary class of modules given
in [15, §33].
Proposition 1.2. Let f :M → N be a morphism in T -Mod.
(i) The following assertions are equivalent:
(i) f is a locally split epimorphism (respectively monomorphism);
(ii) for each finitely generated submodule U of N (respectively M), there exists a
g :N → M such that (x)gf = x (respectively (x)fg = x) for all x ∈ U ;
(iii) for every x1, . . . , xn ∈ N (respectively x1, . . . , xn ∈ M) there exists a g :N → M such
that (xi)gf = xi (respectively (xi)fg = xi ) for all i ∈ {1, . . . , n};
(iv) for every x ∈ N (respectively x ∈ M) there exists a g :N → M such that (x)gf = x
(respectively (x)fg = x).
(ii) Let f¯ :M → Imf and ι : Imf → N be the canonical morphisms. Then f is locally split if
and only if f¯ is a locally split epimorphism and ι is a locally split monomorphism.
(iii) If f is a locally split epimorphism (respectively monomorphism), then it is F -pure, where
F is the class of the finitely generated unitary left T -modules. In particular, f is pure.
Proof. In order to prove (i), note that the equivalence of (iii) and (iv) is proved in [10,
Lemma 3.1], and that the other implications are trivial. The rest is straightforward. 
The following definition allows us to treat locally projective and locally pure-projective
modules in the same manner.
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is locally C-pure-projective if every C-pure epimorphism f :M → Q is locally split.
Let us note that, if C is the class of the finitely presented modules, then locally C-pure-
projective modules are just the locally pure-projective modules; and, when C is the class of
all projective modules, then locally C-pure-projective modules coincide with the class of locally
projective modules. The following result gives well-known characterizations of locally projective
and locally pure-projective modules.
Proposition 1.4. Let Q be a module and C be a nonempty class of modules. The following
assertions are equivalent:
(i) Q is locally C-pure-projective;
(ii) for each C-pure epimorphism f :M → N , each morphism g :Q → N and each finitely ge-
nerated submodule U of Q, there exists h :Q → M such that (x)hf = (x)g for every x ∈ U .
If, in addition, the class C has a set C of representatives (in the sense that any module of C is
isomorphic to one in C) and Q is generated by C, the above assertions are equivalent to:
(i) there exists a C-pure-projective module P and a locally split epimorphism f :P → Q.
Every locally projective module is trivially locally pure-projective. Since every locally split
epimorphism is pure, we get the converse for flat objects:
Proposition 1.5. Let Q be a module. Then Q is locally projective if and only if it is flat and
locally pure-projective.
We shall apply the results of this section to the category of modules over the functor ring
associated to a unitary ring. Let R be a ring with identity and M a left R-module. Let us assume
that M =⊕i∈I Mi for a family {Mi : i ∈ I } of finitely generated modules. For any module L,
ĤomR(M,L) will denote the following subgroup of HomR(M,L):
ĤomR(M,L) =
{
f ∈ HomR(M,L): ∃I ′ ⊆ I finite with (Mi)f = 0 ∀i ∈ I − I ′
}
.
It is well known that ÊndR(M) is a ring (not necessarily with unit) with enough idempotents,
which we shall denote by Ŝ, and that ĤomR(M,_) is a functor from R-Mod to Ŝ-Mod which has
as left adjoint the tensor functor M⊗Ŝ− (see [15, 51] for more properties of this functor).
Let AddM be the class of modules isomorphic to direct summands of direct sums of copies
of M . Denote by G(M) the class
G(M) = {Q: ∃f :N → Q locally split epimorphism with N ∈ AddM}.
The following result characterizes locally projective modules in Ŝ-Mod when each Mi is finitely
presented.
Proposition 1.6. Let R be a unitary ring and M =⊕i∈I Mi a module which is a direct sum of
finitely generated modules.
294 P.A. Guil Asensio et al. / Journal of Algebra 310 (2007) 290–302(i) Let f :L → N be a locally split epimorphism in R-Mod. Then ĤomR(M,f ) is a locally
split epimorphism in Ŝ-Mod.
(ii) Let f :X → Y be a locally split epimorphism in Ŝ-Mod. Then 1M ⊗Ŝ f is a locally split
epimorphism in R-Mod.
(iii) Assume that each Mi is finitely presented. A unitary left Ŝ-module X is locally projective if
and only if there exists a Q ∈ G(M) such that X ∼= ĤomR(M,Q).
Proof. (i) Fix h ∈ ĤomR(M,N). As Imh is finitely generated, local splitness of f implies that
there exists a g :N → M such that (x)gf = x for each x ∈ Imh; this means that hgf = h and
thus,
(h)
[
ĤomR(M,g) ◦ ĤomR(M,f )
]= h.
Consequently, ĤomR(M,f ) is locally split by Proposition 1.2.
(ii) Let m ∈ M and y ∈ Y ; as f is locally split, there exists a g :Y → X with (y)gf = y. Then
(m ⊗ y)(1M ⊗ g)(1M ⊗ f ) = m ⊗ y and 1M ⊗ f is locally split by Proposition 1.2.
(iii) If Q is a left R-module which belongs to G(M), the result follows from (i) and the fact
that Ĥom(M,_) and M⊗Ŝ induce an equivalence between AddM and the class of projective
modules of Ŝ-Mod (see e.g. [15, 51.6.(4)]).
In order to prove the other implication, assume that X is locally projective in Ŝ-Mod. Then X
is flat by Proposition 1.5 and, by [15, 51.10], there exists a Q ∈ R-Mod with X ∼= Ĥom(M,Q).
But if f :Y → X is a locally split epimorphism in Ŝ-Mod with Y projective, then 1M ⊗f induces
a locally split epimorphism from M ⊗Ŝ Y onto X, with M ⊗Ŝ Y in AddM by [15, 51.6.(4)].
Therefore Q belongs to G(M). 
Recall that a module M is said to have a perfect decomposition (see [3]) if every object in
AddM has a decomposition that complements direct summands (see [1, §12]). It is proved in
[1, Theorem 29.5] that a finitely generated module has a perfect decomposition if and only if its
endomorphism ring is left perfect. When the module is a direct sum of finitely generated modules,
a similar result can be obtained by replacing the endomorphism ring of M by ÊndR(M).
Proposition 1.7. Let R be a unitary ring and M a module which is a direct sum of finitely
generated modules. The following assertions are equivalent:
(i) M has a perfect decomposition.
(ii) ÊndR(M) is left perfect.
Proof. In view of [15, 51.6.(4)] and [4, Theorem 4.12], the proof of [1, Theorem 29.5] applies
to this setting. 
We close this section by recalling some facts of Set Theory (see e.g. [13]). A subset C of an
uncountable regular cardinal κ is said closed unbounded (club for short) if supC = κ and any
C′ ⊆ C with supC′ < κ verifies that supC′ ∈ C. A subset E of κ is called stationary if E∩C = ∅
for every club C of κ . The cofinality of a limit ordinal α is the least cardinal, denoted cf (α), such
that there exists an increasing sequence of ordinals 〈αν : ν < cf (α)〉 whose limit is α.
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Throughout this section, R will denote a fixed unitary ring. In his famous article [8], Bass
constructed a flat module F (called the Bass factor module, see [6]) associated to any descending
chain of cyclic right ideals of R. This flat module F is projective if and only if the descending
chain is stationary. Let M be a module which is a direct sum of finitely generated modules. We
are going to associate to any descending chain of cyclic right ideals of ÊndR(M) and to any
infinite cardinal λ, a left R-module Q in G(M). In the next section we shall prove that if this
module is a direct sum of λ-generated modules then the chain is stationary.
Write M =⊕i∈I Mi as a direct sum of finitely generated modules and denote by Ŝ the ring
ÊndR(M). Fix a subset {fn: n ∈ N∗} of Ŝ and consider the descending chain
f1Ŝ  f1f2Ŝ  f1f2f3Ŝ  · · · . (1)
Take I0 ⊆ I finite such that
(Mi)f1 = 0 ∀i ∈ I − I0,
and, for any k ∈ N∗, let Ik ⊆ I be a finite subset with Ik−1 ⊆ Ik satisfying
Imfk 
⊕
i∈Ik
Mi and (Mi)fk+1 = 0 ∀i ∈ I − Ik.
Denote by Nk the direct sum
⊕
i∈Ik Mi , for each k ∈ N; by N , the sum
⊕
k∈N∗ Nk ; and by P
the direct product
∏
k∈N∗ Nk . Let us choose, for any k ∈ N, an idempotent morphism ek ∈ Ŝ with
Im ek = Nk . Define, for any n ∈ N∗, the morphism Fn :M → P whose coordinates are
Fn(k) =
⎧⎨⎩
0 if k < n − 1,
en−1 if k = n − 1,
fn · · ·fk if k > n − 1,
if n > 1, and
F 1(k) = f1 · · ·fk ∀k ∈ N∗.
Let G :M(N∗) →P be the morphism induced in the direct sum by the morphisms {Fn: n ∈ N∗}
and denote by L its image. Note that N ⊆ L since for any k ∈ N∗ and any nk ∈ Nk we have that
nk = (nk)F k+1 −
(
(nk)fk
)
Fk+2.
Lemma 2.1. With the above notation, the following assertions are satisfied:
(i) ImF l ∼= Nl−1 for any l > 1;
(ii) L =⊕∞l=2 ImF l .
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In order to prove (ii), let us first note that ∑∞l=2 Ll = L since
(n0)F
1 = ((n0)f1)F 2, ∀n0 ∈ N0.
On the other hand, any element y ∈ Ll , for l ∈ N∗, has the form
(
0, . . . ,0,
(l−1)︷︸︸︷
x , (x)fl, (x)flfl+1, . . .
)
for some x ∈ Nl−1. Thus, y = 0 if and only if its l − 1 coordinate is zero.
We claim that Ll0 ∩
∑
l2, l =l0 Ll = 0 for any l0  2. Let l0  2 and take y ∈ Ll0 ∩∑
l2, l =l0 Ll ; write
y =
n∑
l=2
l =l0
yl
for elements yl ∈ Ll (l ∈ {1, . . . , n} − {l0}). If 1 < l0 − 1, the first coordinate of y is zero; since
it is equal to the first coordinate of y2, we conclude that y2 = 0. Repeating this argument we get
y2 = · · · = yl0−1 = 0. Then
y =
n∑
l=l0+1
yl
and the l0 − 1 coordinate of y is zero; that is, y = 0. 
Let λ be an infinite cardinal and denote by κ the successor cardinal of λ. Consider the subset
E of κ consisting of all limit ordinals of cofinality ω. For any β ∈ E let〈
σβ(k): k ∈ N∗
〉
be an increasing sequence of ordinals converging to β , and denote by Jβ the set{
σβ(k): k ∈ N∗
}
.
Define, for any β ∈ E and any n ∈ N∗, the morphism F (β,n) :M → Nκ whose coordinates are
F (β,n)(α) =
{
Fn(k) if α = σβ(k),
0 if α /∈ Jβ .
Also, let F :M(E×N∗) → Nκ be the morphisms induced by the F (β,n). For any δ < κ , denote by
Nδ the isomorphic copy of N in the δ-coordinate of Nκ .
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Q =
⊕
α<κ
Nα + ImF
will be called the module (in G(M)) associated to the chain (1).
Using Lemma 2.1 and the same arguments of [16, Theorem 10], it is easy to show that Q
belongs to G(M). We sketch a proof for completeness.
Lemma 2.3. Q belongs to G(M).
Proof. Let {xl1, . . . , xlnl } be a generating system of Nl for each l ∈ N. Denote by m(l,t)β the ele-
ment (xl−1t )F (β,l) for any β ∈ E, l ∈ N∗ and t ∈ {1, . . . , nl−1}. Let e(l,t)δ be the canonical element
of Nκ for any δ < κ , l ∈ N∗ and t ∈ {1, . . . , nl}; that is,
e
(l,t)
δ (α) =
{0 if α = δ,
xlt if α = δ.
Trivially
X = {e(l,t)δ : δ < κ, l ∈ N∗, t ∈ {1, . . . , nl}}
∪ {m(l,t)β : β ∈ E, l ∈ N∗, t ∈ {1, . . . , nl−1}}
is a generating set of Q. Thus, it suffices to show that any finite subset of X is contained in a
direct summand of Q that belongs to AddM .
Let Y = {e(li ,ti )δi : i ∈ {1, . . . , n}} ∪ {m
(ri ,si )
βi
: i ∈ {1, . . . ,m}} be a finite subset of X and denote
by G the set of ordinals
{δ1, . . . , δn} ∪
(
u⋃
i=1
Jβi
)
,
where β1, . . . , βu are the distinct ordinals appearing in {β1, . . . , βm}. Then QG = Q ∩∏δ∈G Nδ
is a direct summand of Q that trivially contains Y . Moreover, since Jβ ∩Jμ is finite when β = μ,
we can write G as the union
G = F ∪
(
u⋃
i=1
Iβi
)
,
where
Iβi =
{
σβi (k): k  ki
}
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have the identity
QG =
[⊕
δ∈F
Nδ
]
⊕
[
u⊕
i=1
(
Q ∩
∏
δ∈Iβi
Nδ
)]
,
with Nδ ∈ AddM for each δ ∈ F , and
Q ∩
∏
δ∈Iβi
Nδ =
∑
l>ki
nl−1∑
t=1
Rm
(l,t)
β
∼=
⊕
lki
Nl
by Lemma 2.1. Therefore, QG belongs to AddM and Q ∈ G(M). 
3. Perfect decompositions
In this section we prove the main theorem of this paper. Namely, that if any module in G(M)
is a direct sum of λ-generated modules for a fixed cardinal number λ then M has a perfect
decomposition. For this purpose, we shall prove that if the module in G(M) associated to the
chain (1) in the above section is a direct sum of λ-generated modules then this sequence is
stationary. We will follow the notation used in Section 2.
We first adapt the arguments of [18, Lemma 2] to our new setting. Given a ring with enough
idempotents T , let us fix a countable subset {an: n ∈ N∗} ⊆ T and consider a set of idempotents
{fn: n ∈ N∗} satisfying that
fnai = aifn = ai ∀i ∈ {1, . . . , n+ 1}.
Let us set F =⊕i∈N∗ Tfi , xn = (0, . . . ,0,
n︷︸︸︷
fn ,0, . . . , ) for each n ∈ N∗ and yn = fn−1 − anfn
for each n > 1. Denote by G the submodule of F generated by {yn: n > 1}. Now call P =∏
i∈N∗ Tfi , and, for any n > 1, consider the element
mn = (0, . . . ,
n︷︸︸︷
fn−1, an, anan+1, . . .).
Let us finally denote by F ′ the submodule of P generated by these elements, and by G′ the
direct sum
⊕
i∈N∗ Tfi viewed as a submodule of P .
Lemma 3.1. With the preceding notation, the following assertions are equivalent for a ring T
with enough idempotents:
(i) The chain
alT  alal+1T  alal+1al+2T  · · ·
terminates for any l ∈ N∗.
(ii) G is a direct summand of F .
(iii) G′ is a direct summand of F ′.
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remains valid in the nonunitary case.
In order to prove the equivalence of (ii) and (iii), let us note that the family of morphisms {ϕi ∈
HomT (Tfi,P ): i ∈ N∗} given by (tfi)ϕi = tmi for any i ∈ N∗ and t ∈ T , induce an isomorphism
ϕ :F → F ′ with (G)ϕ = G′. Then G is a direct summand of F if and only if G′ is a direct
summand of F ′. 
We now state the relationship between the inclusion G′ ⊆ F ′ and the inclusion N ⊆ L defined
in the previous section.
Lemma 3.2. Let N and L be as in the preceding section. Consider the modules G′ and F ′
constructed in Ŝ-Mod as in the beginning of this section but using the sequence (1) and the set
of idempotents {en: n ∈ N∗} defined on p. 295. Then:
(i) If N is a direct summand of L, then G′ is a direct summand of F ′.
(ii) If M is M-projective and G′ is a direct summand of F ′, then N is a direct summand of L.
Proof. (i) If L = N ⊕ W for some submodule W of L, then ĤomR(M,L) ∼= ĤomR(M,N) ⊕
ĤomR(M,W). But under the isomorphism ĤomR(M,
∏
k∈N∗ Nk) ∼=
∏
k∈N∗ Ŝek , ĤomR(M,N)
is isomorphic to G′ and ĤomR(M,L) is isomorphic to a submodule that contains F ′. This im-
plies that G′ is a direct summand of F ′.
(ii) It is easy to show that if M is M-projective then ĤomR(M,L) ∼= F ′ under the above iso-
morphism. Using a similar argument with the tensor functor instead of the ĤomR(M,_) functor
we get that N is a direct summand of L. 
Let κ be a cardinal number. Recall that a left R-module M is said κ-generated (respectively
κ<-generated) if there exists an epimorphism R(I) → M for an index set I of cardinality at
most κ (respectively strictly less than κ). A κ-filtration of a κ-generated module A is a con-
tinuous chain of submodules of A, {Aδ: δ < κ}, (in the sense that Aδ Aγ when δ  γ < κ and
Aδ =⋃γ<δ Aγ when δ is limit) consisting of κ<-generated modules and whose directed union
is A. The proof of the following result is analogous to [18, Lemma 3].
Theorem 3.3. If Q is a direct sum of λ-generated modules, then the chain
flŜ  flfl+1Ŝ  · · ·
is stationary for any nonzero natural number l.
Proof. Suppose that Q is the direct sum of a family {Ci : i ∈ I } of λ-generated modules, say
Q = ⊕i∈I Ci . Since Q is κ-generated, we may assume that |I | = κ and, taking a bijection
ϕ :κ → I and setting
Aγ =
⊕
Cϕ(α)
α<γ
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other hand, denoting
Bγ =
⊕
δ<γ
Nδ +
∑
β∈E∩γ
∑
l∈N∗
ImF (β,l)
for each γ < κ , we obtain another κ-filtration {Bγ : γ < κ} of Q.
Now, by [9, Lemma IV.1.4], the set {γ < κ: Aγ = Bγ } is a club and, since E is stationary (by
[9, Example II.4.7]), there exists β ∈ E with Aβ = Bβ ; in particular Bβ is a direct summand of Q.
Reasoning as in [18, Lemma 3] we conclude that⊕δ∈Jβ Nδ is a direct summand of ⊕δ∈Jβ Nδ +∑
l∈N∗ ImF (β,l) and, consequently, the submodule generated by {e(l,t)σβ(l): l ∈ N∗, t ∈ {1, . . . , nl}}
is a direct summand of
∑∞
l=1 ImF (β,l). But this inclusion is essentially the inclusion N  L that
appears in Lemma 3.2. The lemma gives now the desired conclusion. 
The consequence of all these results is:
Theorem 3.4. Let R be a unitary ring and M be a module that is a direct sum of finitely generated
modules. Suppose that there exists an infinite cardinal number λ such that every module in G(M)
is a direct sum of λ-generated modules. Then M has a perfect decomposition.
We close this paper giving some applications of the above results. Our first corollary gives
new conditions equivalent to those of [2, Theorem 4.4] under the assumption that the module M
is a direct sum of finitely presented modules.
Corollary 3.5. Let R be a unitary ring and M a module which is a direct sum of finitely presented
modules. The following conditions are equivalent:
(i) M has a perfect decomposition;
(ii) ÊndR(M) is left perfect;
(iii) G(M) = AddM ;
(iv) every module in G(M) is a direct sum of countably generated modules;
(v) there exists an infinite cardinal number λ such that any module in G(M) is a direct sum of
λ-generated modules.
Proof. The equivalence of (i) and (ii) was established in Proposition 1.7.
(ii) ⇒ (iii). Let Q be a module in G(M). By Lemma 1.6, ĤomR(M,Q) is locally projec-
tive in Ŝ-Mod and in particular flat by Proposition 1.5. Then (ii) says that ĤomR(M,Q) is
projective (see [4, Theorem 41]) and Q belongs, in fact, to AddM , since it is isomorphic to
M ⊗Ŝ ĤomR(M,Q) by [15, 51.10].
(iii) ⇒ (iv). Note that every module in AddM is a direct sum of countably generated modules
by Kaplansky’s Theorem (see [1, Theorem 26.1]).
(iv) ⇒ (v). Trivial.
(v) ⇒ (ii). This is Theorem 3.4. 
If we set M = R, for some unitary ring R, we get new characterizations of left perfect rings.
Indeed, we may assume that the ring is not unitary but with enough idempotents, because in
P.A. Guil Asensio et al. / Journal of Algebra 310 (2007) 290–302 301this case the category T -Mod coincides with σ [T ∗T ], where T ∗ is the Dorroh overring of T
(see [15, p. 465]). Moreover, the classes of locally projective and projective modules in T -Mod
coincide with the classes G(T ) and AddT constructed in T ∗-Mod. As the rings T and ÊndR(T )
are isomorphic, the above corollary gives:
Corollary 3.6. Let T be a ring with enough idempotents. The following assertions are equivalent:
(i) T is left perfect;
(ii) every locally projective unitary left T -module is projective;
(iii) every locally projective unitary left T -module is a direct sum of countably generated
modules;
(iv) there exists an infinite cardinal number λ such that every locally projective unitary left
T -module is a direct sum of λ-generated modules.
Our last corollary characterizes left pure semisimple rings in terms of locally pure-projective
modules:
Corollary 3.7. Let R be a ring with unit. The following conditions are equivalent:
(i) R is left pure semisimple;
(ii) every locally pure-projective module is pure-projective;
(iii) every locally pure-projective module is a direct sum of countably generated modules;
(iv) there exists an infinite cardinal number λ such that every locally pure-projective module is
a direct sum of λ-generated modules.
Proof. Note that, if {Mi : i ∈ I } is a set of representatives of the finitely presented modules and
M =⊕i∈I Mi , AddM and G(M) are the classes of pure-projective and locally pure-projective
modules, respectively. Then the result follows from Corollary 3.5 and the fact that ÊndR(M) is
left perfect if and only if R is left pure semisimple (see e.g. [15, 53.6]). 
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